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RADIATIVE TRANSFER: PROGRESS AND PROBLEMSV. Ossenkopf1. Physikalis
hes Institut der Universit�at zu K�oln, Z�ulpi
her Stra�e 77, 50937 K�oln, GermanyABSTRACTRadiative transfer 
omputations are the basi
 tool toderive the physi
al parameters of the interstellar mediumfrom astronomi
al observations. However, many 
omputa-tions are still hindered by severe problems. The un
ertain-ties start with the input data where the dust s
atteringfun
tions, the line frequen
ies in the infrared and the 
olli-sion rates are poorly known. They 
ontinue with problemsin the treatment of 
oherent radiation, partial redistribu-tion, and the representation of maser spots.Nevertheless, numeri
al simulations of radiative trans-fer experien
ed a tremendous progress over the last years.Mole
ules with hundreds of levels in
luding rotational-vibrational transitions are simulated. The 
odes start toin
lude the 
orre
t treatment of 
ontinuum pumping andoverlapping lines, and �rst steps are made to deal withmaser beaming, polarisation and partial 
oheren
e.We get a better feeling whi
h approximations are to beapplied in 
ertain situations allowing rapid data redu
tionbut a
knowledging that there is no standard way. Grow-ing experien
e from the simulations shows, however, thata large part of the former knowledge on the interpreta-tion of measurements has to be revised. In the analysisof mole
ular line data ambiguity of the solutions is therule, not the ex
eption. The results 
on�rm the generalwisdom that numeri
al models 
an explain many obser-vations but do not ne
essarily lead to a true physi
al andintuitive understanding of radiative transfer in the inter-stellar medium.Key words: Radiative transfer, Mole
ular data, Line: for-mation, Line: pro�les1. INTRODUCTIONAstronomi
al observations of the interstellar medium 
anonly provide the information 
arried by the radiation ar-riving on earth. However there is no dire
t way to derivethe properties of the radiating matter. Radiative transfer(RT) models are required to 
ompute the relation betweenthese properties and the emergent radiation.In the wavelength range 
overed by ISO observationsthe radiation is mixed of 
ontributions from mole
ular and

atomi
 lines, dust 
ontinuum, and emission bands, proba-bly due to PAHs and other large mole
ules. Hen
e, all RT
omputations should in
lude 
ontinuum and line radiationin a 
ombined way.Nevertheless, this review 
an not 
over all aspe
ts butthe examples will be biased to the long wavelength rangeand line radiation simply be
ause this is the �eld of mymain experien
e. Water lines in the far infrared will pro-vide one of the main examples. Water is an important
oolant in several pro
esses and the lines probe an ex-tremely wide range of physi
al 
onditions. The lines arestrongly a�e
ted by radiative pumping from the dust 
on-tinuum. From the viewpoint of RT 
omputations, wateris one of the most 
hallenging problems due to the 
oexis-ten
e of opti
ally very thi
k, opti
ally thin and maseringtransitions within the same frequen
y range for typi
al
loud 
onditions.2. WHAT DO WE NEED ?2.1. Need for radiative transfer 
omputationsTo judge the importan
e of RT 
omputations we have to
onsider how information 
an be retrieved from astrophys-i
al observations. This is s
hemati
ally shown in Fig. 1.Whereas the spa
e of physi
al parameters des
ribing amole
ular 
loud is at least 24 dimensional, measurements
an only provide an intensity distribution at the sky asfun
tion of frequen
y1. Thus it is prin
iple impossible toextra
t all information about a 
loud from the observa-tions. Ambiguities are unavoidable.The problem must be ta
kled by an - often impli
it -model for the interstellar obje
t. This model my be givenby the assumption of a unique temperature when using ro-tation diagrams for the line analysis, the assumption of ho-mogeneous 
onditions when using the es
ape probabilityanalysis or a more sophisti
ated model. RT 
omputationsare needed to derive observable quantities like intensitiesdistributions, line pro�les or polarisation patterns fromthe models2. The 
omparison of these observable quanti-ties with the real observations 
onstrains the models de-termining their parameters or dete
ting violations. One1 Often some additional information 
an be retrieved frompolarisation and 
oheren
e.2 They are also required to make models self-
onsistent.Pro
eedings of the Conferen
e \ISO beyond the Peaks", Villafran
a del Castillo, Spain, 2{4 February 2000 (ESA SP-456, 2000)
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Figure 1. Sket
h of the general way astrophysi
al information
an be obtained from the observations. Knowledge 
omes fromthe determination of model parameters or the model violationwhen 
omparing 
omputed and observed quantities.has to keep in mind, however, that there is no dire
t a
-
ess to the interstellar 
louds. We will only learn about themodels. The growth of knowledge 
omes from the iterativepro
ess of making \relevant" observations and improvingthe models. Here, the RT 
omputations play a key role.2.2. Need for new input dataIn the equation system whi
h has to be treated for a self-
onsistent solution of the radiative transfer problem nu-merous input parameters are still poorly known.A �rst unknown is the frequen
y of many lines. Theline predi
tions by S
hilke et al. (1999) dis
lose a de�-
ien
y of data at frequen
ies above 1 THz. Here, labora-tory data are often la
king. Without them it is impossibleto 
ompute the 
orre
t mutual pumping and shielding ofdi�erent mole
ules and the interpretation of maser emis-sion stimulated by line overlap.The situation is somewhat better for the transitionstrengths. The 
omparison of typi
al models and exper-iments (Lynas-Gray et al. 1995, Coudert 1997) reveals er-rors and un
ertainties of up to a fa
tor 2 but typi
ally wellbelow 20% for many water lines whi
h seems a

eptableregarding normal observational un
ertainties.A problem arises, however, when the 
ollisional ex
i-tation dominates. The existing data bases for 
ollisionalrate 
oeÆ
ients (e.g. Green et al. 1995) are mainly basedon 
omputations performed for 
ollisions with He atomsinstead of H2 mole
ules. A new 
omputation by Phillips(1998) using H2 
ollisions for the �ve lowest water levelsshowed that the rate 
oeÆ
ients may deviate by up to afa
tor 1000 from those 
omputed for He 
ollisions (Greenet al. 1993). Until now, we have no 
onsistent data set ofwater 
ollision rates 
overing the important 30{50 lowestlevels.

To estimate the possible e�e
t of this un
ertainty, wehave used a toy model of a spheri
al isothermal 
loud at120 K with a power law r�2 density de
ay and 
omputedthe emergent line intensities either using the set of Hebased 
ollision rates or by repla
ing the 
ollision rates forthe lowest �ve levels in this set by the H2 based rates.Fig. 2 shows the resulting radial behaviour of the levelpopulations and the pro�le of the 752 GHz line of para-H2O.

Figure 2. Radial dependen
e of four level populations of para-H2O resulting from the toy model (upper panel) and the 
orre-sponding 752 GHz line integrated over the whole 
loud (lowerpanel). The solid lines were 
omputed using the He based 
ol-lision rates and the dashed lines are results using the mixedset of 
ollision rates 
ollision rates with H2 based rates for thelowest 5 levels.The modi�
ation of the 
ollision rates translates intoa 
hange of the line intensity by a fa
tor 3. The e�e
tis lower at smaller temperatures and in 
ase of strongerinfrared pumping but may grow up to a fa
tor 10 whentaking less realisti
 
loud parameters. Knowing that themany 
ollision rates that we use today are wrong, we mustadmit that errors in the order of a fa
tor 3 
an o

ur



3when 
omputing water abundan
es, 
ooling rates or theortho/para-ratio from far infrared water lines.In 
ontinuum RT the general behaviour of the dustopa
ity in mole
ular 
louds throughout the infrared is to-day relatively well known from laboratory data (e.g. Os-senkopf & Henning 1994). However in the details of theband stru
ture, determined by the 
hemistry and stru
-ture of interstellar grains and PAHs, many questions areleft whi
h are dis
ussed elsewhere in this volume (see Hen-ning et al., Joblin et al.). One of the big unknowns isthe spatial s
attering fun
tion. Almost all existing RT
odes assume isotropi
 s
attering and emission negle
t-ing that the angular s
attering fun
tion of any dust grainis anisotropi
 and { even worse - unknown for realisti
grain shapes (Bohren & Hu�man 1983). Combined e�ortin the solid-state physi
s of small parti
les and the nu-meri
al solution of Maxwell's equations under 
ompli
atedboundary 
onditions is needed to obtain reliable s
atteringfun
tions.These examples demonstrate only a few open questionsand many more open questions 
ould be added.3. WHAT DO WE KNOW ?Over the last years the numeri
al simulation of RT expe-rien
ed a tremendous progress. The development in 
om-puter te
hnology pushed 
odes that are self-
onsistent inthe sense that they 
ompute the lo
al ex
itation and tem-perature from the assumed 
loud geometry in the sameRT frame like the emergent brightness distribution andline pro�les. On the other hand new approximations aredeveloped for s
enarios that are still beyond the 
apabil-ities of the self-
onsistent 
odes. They use sophisti
atedguesses for the lo
al ex
itation, estimating the radiativeintera
tion of separate 
loud regions and shielding e�e
ts.Here, I will introdu
e only a few aspe
ts of the RT
omputations and dis
uss how they are treated in somesele
ted 
odes. The sket
h is far from providing a 
ompleteoverview and favours 
odes that are used by me and my
ollaborators { not be
ause they are more advan
ed than
ompetitive 
odes but simply be
ause I know them better.A

ording to the strong intera
tion of line and 
on-tinuum radiation throughout the whole wavelength rangeobserved by ISO a 
oupled treatment of line and 
ontin-uum RT is required for many questions. However, a fullyself-
onsistent treatment of both bran
hes, taking the in-
uen
e of line 
ooling onto the dust temperature and ofthe 
ontinuum transfer onto the line ex
itation into a
-
ount, is only used by Doty & Neufeld (1997) (see alsoDoty 1999). Most 
odes still perform a separate treat-ment or 
onsist only of one of these 
omponents. Evenif the line and 
ontinuum RT problem is not solved simul-taneously the intera
tion 
an be taken into a

ount in anapproximate way. Gonz�alez-Alfonso et al. (1998) showedthat the simple 
oupling of water lines to a 
ontinuumradiation �eld was able to explain the observed near and

mid infrared intensities. I will follow the traditional waydis
ussing both bran
hes separately when introdu
ing thedi�erent aspe
ts of RT 
omputations.Dimensionality: In line RT 2-D models be
ame astandard (Hogerheijde et al. 1999, Phillips 1998, Dulle-mond 1998) and �rst 3-D simulations are performed (e.g.Juvela 1997). Numerous 1-D 
odes are available. A 
olle
-tion of referen
es with 
ompetitive test 
ases is providedby van Zadelho� et al. (1999). In 
ontinuum transfer sev-eral 3-D 
odes have been introdu
ed (e.g. Wolf et al. 1999).Resolution: As the dimensionality of the problemgrows, more sophisti
ated methods are ne
essary to obtaina reasonable spatial resolution in the simulations. Takinge.g. the 3-D Monte-Carlo line RT 
ode of Juvela (1997),
urrent 
omputer te
hnology 
onstrains the spatial gridto 323 points. Applied to the hydrodynami
 simulationsof Padoan et al. (1998) this is still insuÆ
ient to resolveall main stru
tures. A possible solution is to apply nestedgrids, already implemented in some transfer 
odes (Wolfet al. 1999, Fabiani Bendi
ho et al. 1999). They 
an 
overseveral orders of magnitude in length s
ale for obje
ts likeprotoplanetary disks or multiple systems but 
an hardlyhelp for fra
tal turbulent 
louds.Another way is the 
omputational separation of the RTat separated s
ales. A possible approximation is the use ofes
ape probability methods on the small s
ale embeddedin a low-resolution RT 
ode at the large s
ale (e.g. Os-senkopf et al. 1999). Another approa
h is the 
ombinationof 1-D RT 
odes at di�erent s
ales to des
ribe a 3-D prob-lem. Kr�ugel & Siebenmorgen (1994) simulated hot spotsin M82 
ombining 1-D 
ontinuum RT 
omputations forthe environment of hot stars with a large s
ale 1-D RTs
enario for the inner galaxy. The same kind of separationis used in line RT 
omputations by Zielinsky et al. (2000).They 
ombine a spheri
al 1-D 
ode with a plane-parallel
on�guration des
ribing a 
lumpy photo-disso
iation re-gion. This treatment is not self-
onsistent but provides areasonable approximation for e�e
ts whi
h would be oth-erwise unaddressable due to resolution limitations.Turbulen
e: A physi
al e�e
t dire
tly related to theresolution problem is the treatment of turbulen
e stret
h-ing over many orders of magnitude in length s
ale. In most
ases a full representation of turbulen
e is neither requirednor possible. Statisti
al approa
hes are more appropriate.One 
an either assume a 
ertain statisti
s of the 
oherentstru
tures and simulate the behaviour of a large numberensemble (Martin et al. 1984) or assume 
ertain statis-ti
al properties of the 
u
tuation spe
trum (Kegel et al.1993). Then it is possible to in
orporate a representationof turbulen
e on the mi
ros
ale into larger RT 
odes forparti
ular 
loud geometries (e.g. Piehler & Kegel 1995,Ossenkopf et al. 2000).Chara
teristi
s: The most time 
onsuming 
ompu-tation in the numeri
al solution of the RT problem is tofollow a large number of rays required to 
ompute theradiative energy density at ea
h point of the 
loud. Ad-



4van
ed te
hniques are required to �nd optimum spa
ingsand dire
tions to get a good angular 
overage at ea
h pointwith as few rays as possible. Using long 
hara
teristi
s, i.e.rays running through the whole 
loud, adaptive ray grid-ding (e.g. Gonz�alez-Alfonso & Cerni
haro 1997) providesan eÆ
ient method. In 2-D and 3-D 
odes, short 
hara
-teristi
s, i.e. rays 
onne
ting only neighbouring or 
losepoints (e.g. Dullemond 1998) are more eÆ
ient. An al-ternative is the use of random 
hara
teristi
s, where theangular 
overage is given by Monte-Carlo integration orMonte-Carlo ray-tra
ing (e.g. Hogerheijde et al. 1999). Ju-vela (1997) has shown that quasi-random distributions arefavourable here.Saturation: In parts of a 
loud whi
h are opti
allythi
k with respe
t to the 
onsidered radiation 
onvergen
eof an ordinary non-lo
al solver is extremely slow be
ausethe information propagates in ea
h step of the iterationpro
ess only by the free path length of the photons. This
an be 
ir
umvented applying a lo
al di�usion approxi-mation in 
ontinuum transfer (see e.g. Chi
k et al. 1996)or the more general approximate � operator (Olson et al.1986 or Rybi
ki & Hummer 1991, 1992). Here, all 
ontri-butions from the lo
al s
attering are impli
itly in
luded ina modi�ed system of balan
e equations, virtually remov-ing them from the RT 
omputation. In line transfer theproblem 
an be addressed in a similar way by a 
ore satu-ration s
heme based on di�erent treatments of photons inthe opti
ally thi
k line 
enter than in the thin line wings(Hartstein & Liseau 1998). This was used e.g. by Juvela(1999) providing a 
onsiderable speed-up.A

eleration of 
onvergen
e: Even with an approx-imate � operator 
onvergen
e 
an be quite slow. It is de-sirable to guess the 
onverged solution already from a fewiteration steps. This kind of a

eleration 
an be performedby extrapolating the 
hanges to minimize residuals (Ng1974) or by 
onstru
ting 
onjugate gradients in the spa
eof residuals (Klein et al. 1989). A 
omparative overviewfor both methods was given by Auer (1991). The a

el-eration methods are numeri
ally simple and improve the
onvergen
e drasti
ally.Line overlap:Whereas traditional line RT 
odes 
om-pute ea
h line individually, energy transfer between di�er-ent lines 
an be essential both 
on
erning di�erent transi-tions of the same mole
ule and lines from di�erent spe
ies.Gonz�alez-Alfonso & Cerni
haro (1997) treated the lineoverlap de�ning frequen
y subgroups in a 1-D RT 
ode.Taking the mutual pumping and shielding of di�erent SiOisotopes into a

ount this provided an self-
onsistent ex-planation of the observed maser intensities.Number of spe
ies: The example demonstrates thatit is ne
essary to solve the problem simultaneously for allspe
ies that may be radiatively 
oupled. For line RT a de-tailed analysis of the line positions and Doppler widths isrequired. The situation is obvious but more diÆ
ult for the
ontinuum transfer. All dust materials, sizes, and shapeshave to be 
onsidered. Taking the possible aggregation of

dust into a

ount this opens up a huge parameter spa
eof dust spe
ies (Ossenkopf 1993). Some models (e.g. Efs-tathiou et al. 2000) take the di�erent materials and grainsizes into a

ount, but there exist only �rst attempts toin
orporate a possible shape distribution (e.g. Wolf et al.2000).Non-equilibrium e�e
ts: For small dust grains theadditional e�e
t of temperature 
u
tuations has to betaken into a

ount. The grains have to be treated as quan-tum systems like the mole
ules using a distribution ofex
itation levels or temperatures. This was addressed byGuhathakurta & Drain (1989) and Siebenmorgen et al.(1992) explaining the observed mid-infrared ex
ess in re-gions with high ultraviolet 
ux. Non-equilibrium has tobe 
onsidered too in systems with high velo
ities like su-pernova shells where the material 
an travel to regionswith di�erent ex
itation 
onditions within the lifetime ofan ex
ited state.Masering: A moderate inversion of some level popu-lations is typi
al for many mole
ules under various inter-stellar 
onditions and is taken into a

ount by many RT
odes. However, the simulation of saturated masers fa
esadditional problems be
ause 
oheren
e be
omes a de
isivequantity. It is no longer suÆ
ient to 
ompute the inten-sity of the radiation but phase and polarisation play arole. This results in e�e
ts like strong ampli�
ation, spot
on�nement, beaming, partial 
oheren
e, and polarisationand requires spe
ial te
hniques in RT. A 
omprehensiveoverview on these topi
s and their treatment in RT wasprovided by Field (1998).Polarisation: Beside maser radiation whi
h is oftenstrongly polarised every dust s
attering event leads to apartial polarisation. In
luding s
attering polarization intheir RT 
ode Wolf & Henning (1999) were abel to derivestrong 
onstraints on the geometry of protostellar disksfrom the observation of polarisation patterns..Today RT 
odes have addressed many of the questionsand problems mentioned above. Although there is not yetany 
ode dealing with all of them and quite a lot of workhas to be added, we are not far from a self-
onsistent de-s
ription of RT in the interstellar medium.4. WHAT DO WE LEARN ?4.1. How to learn from the numeri
al 
omputations ?Taking the possibility to simulate the RT in almost any
on�guration we are left with the question how to usethese 
odes.There is a huge spa
e of parameters growing qui
klywhen going from 1-D to 2-D or from 2-D to 3-D. Withoutadditional assumptions, it is impossible to 
onstrain allspatial variations of density, temperature, 
hemi
al abun-dan
es, velo
ities et
. from the �t of the observations.Young et al. (1997) derived parameters for a 1-D modelfrom the �t of the observed position velo
ity diagram in



5one ammonia line and showed that no more than 7 param-eters 
ould be reliably determined. Ossenkopf et al. (2000)found that the simultaneous �t of the pro�les and spatialextent of 3 to 4 di�erent CS transitions 
an provide only5 or 6 parameters in a 1-D spheri
al model.Observable intensities, in
luding the e�e
ts of satura-tion and self absorption, are mainly determined by thesize, density, temperature, and gradients in the main ex-
iting region, and less by a

urate geometri
 
onstraints.A 1-D 
ode is suÆ
ient to dedu
e these quantities fromthe observations. Models beyond 1-D are justi�ed, if wehave either 
lear eviden
e from the observational data orthe known physi
al pro
esses that spheri
al approa
hesmust fail or if we want to interpret the �ne stru
ture ofthe velo
ity pro�les, e.g. to distinguish infall from rota-tion. Regarding the number of parameters at higher di-mensions it is impossible to retrieve reliable data for allof them without additional 
onstraints from sophisti
atedtheoreti
al models.The interpretation of observations needs a balan
e be-tween the amount of information observed, taking intoa

ount the observational limitations like noise and res-olution, the assumed or known 
omplexity of the inter-stellar region used in the modelling, and the 
omplexityof the line formation pro
ess. It is for instan
e uselessto 
onstru
t 
ompli
ated geometri
al models to improvethe �t of sub-mm water lines by a few per
ent as long aswe don't know exa
t 
ollision rates and we do not modelthe 
omplete radiative pumping from other spe
ies. Self-
onsistent RT 
omputations should be performed to in-terpret most observational data but there is no general
lue whi
h model is to be applied for whi
h data and thebalan
e of information has to be re
onsidered for everyobje
t.Be
ause of the natural ambiguity of the observationsa numeri
al �t of observational data never guarantees atrue representation of the physi
al stru
ture. The �t ofobservational data by an adopted model does not providemu
h knowledge. We 
an learn more from an unsu

ess-ful attempt to �t the data sin
e this provides some real
onstraints. This opens some real understanding of thegeneral relations from the numeri
al simulations. In gen-eral, the results of many runs with di�erent models have tobe examined to �nd the underlying physi
al laws. On theother hand these results 
an help us to 
reate new analyti
methods and approximations that will be implemented inmore eÆ
ient numeri
al 
odes.4.2. What about the traditional knowledge ?Self-
onsistent numeri
al RT 
omputations are availabletoday whi
h are at least in 1-D fast and reliable. Is thereany way to interpret the results in terms of rules of thumband how do they in
uen
e the traditional rules of thumbused as a kind of standard in the data redu
tion ? I 
anaddress only a few examples.
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Figure 3. CO mole
ular emissivity (line intensity per 
olumndensity in the opti
ally thin 
ase) as a fun
tion of the sur-rounding gas density at 100 K in four frequently observed tran-sitions. The big dots on the 
urves for the four transitions markthe 
orresponding 
riti
al densities.The �rst rules 
ome from the 
orre
t treatment of themole
ular level stru
ture 
ompared to a two-level system.In Fig. 3 we show the mole
ular emissivity in four CO linesobtained from the statisti
al equations without any RT,i.e. taking only the 
osmi
 ba
kground radiation into a
-
ount. The density of the surrounding gas at Tkin = 100 Kis varied. We 
an 
riti
ally examine the two traditional
on
epts that i) opti
ally thin lines measure the total 
ol-umn density, ii) strong lines indi
ate material at densi-ties above the 
riti
al density of that transition. The plotshows that the emission in ea
h line be
omes negligible atvery low densities. No line tra
es the full 
olumn densityin
luding thin material. Moreover we see that only in thehigh-J lines the 
riti
al density is a good measure for theonset of strong emission. In warm gas, the low-J emission
an rea
h its equilibrium value already at densities a fa
-tor 100 below the 
riti
al density. The same 
omputation
an be done for ea
h atomi
 system to get a more reliable�rst hand estimate.Often es
ape probability methods, like the LVG ap-proximation, are used to obtain some representative val-ues for the density, 
olumn density and temperature of a
loud. Although the LVG approximation is a useful toolin the ex
itation analysis for many situations (Ossenkopf1997), the systemati
 
omparison with results from a self-
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onsistent 1-D RT 
ode (Ossenkopf et al. 2000) shows thatit is rarely as reliable in data redu
tion. The derived 
ol-umn densities are a

urate within of a fa
tor of a few, butthe es
ape probability provides no reasonable measure forthe gas density and is useless for the temperature determi-nation. Regarding the simpli
ity of 1-D 
odes they shouldbe always favoured for a �rst data analysis.A third rule that is often 
ited is to interpret asymmet-ri
 line pro�les with enhan
ed blue emission in an opti
allythi
k transition 
ombined with symmetri
 pro�les in anopti
ally thin transition as proof for infall motion. Com-putations of Phillips (1998) have shown, however, that thesame kind of pro�les 
an be produ
ed by a rotation diskstru
ture. There is no simple way out of this ambiguityand high-resolution observations should help to dis
rimi-nate.Most of the frequently applied estimates used for thedata redu
tion should be reinspe
ted in every 
ase to guar-antee that the underlying assumptions 
an be justi�ed.Whenever this is not possible, full simulations are required.5. CONCLUSIONSTaking the a

ura
y of radio- or infrared observations intoa

ount the appli
ation of approximations in the data re-du
tion and in the RT modelling is often a reasonableapproa
h. Self-
onsistent models are required to justifythe approximations and to test their limits. The 
ommon\standard" approximations will fail in many situations.The 
omplexity of the model used for RT simulations,both 
on
erning the 
loud geometry and the 
ombinationof spe
ies, has to re
e
t the amount of information fromthe observational data. Computational \overkill" does nothelp to understand the physi
al and 
hemi
al pro
esses inthe interstellar medium. Simple (e.g. 1-D) RT 
odes aretoday fast, easily a

essible and appropriate for the anal-ysis of many observations. They are favourable for a �rstexploration of the parameter spa
e and the error analysis.More 
ompli
ated 
odes are required to get an adequatemodelling of 
on�gurations were geometry e�e
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